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Introduction. Reliability-Based Design Optimization (RBDO) 
model reduces the structural weight in uncritical regions, does 
not only provide an improved design but also a higher level of 
confidence in the design. 

Materials and Methods. The classical RBDO approach can be 
carried out in two separate spaces: the physical space and the 
normalized space. Since very many repeated researches are 
needed in the above two spaces, the computational time for 
such an optimization is a big problem. An efficient method 
called Optimum Safety Factor (OSF) method is developed and 
successfully put to use in several engineering applications. 
Research Results. A numerical application on a large scale 
problem under fatigue loading shows the efficiency of the 
developed RBDO method relative to the Deterministic Design 
Optimization (DDO). The efficiency of the OSF method is 
also extended to multiple failure modes to control several out- 
put parameters, such as structural volume and damage criteri- 
on. 

Discussion and Conclusions. The simplified implementation 
framework of the OSF strategy consists of a single optimiza- 
tion problem to evaluate the design point, and a direct evalua- 
tion of the optimum solution considering OSF formulations. It 
provides designers with efficient solutions that should be eco- 
nomic, satisfying a required reliability level with a reduced 


computing time. 
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Beedenue. Mojyenb, OCHOBaHHad Ha ONTHMH3alMH HaleKHO- 
ctu, (RBDO) yMeHbilaeT CTpyKTypHbIM Bec B HEKPHTH4eCCKUX 
pernvonHax, OOecieuHBaeT He TOJIbBKO yJIYYIICHHY!O KOHCTPyK- 
I[M1O, HO UH OoOsIee BbICOKHH YPOBeHb YBeEPpeHHOCTH B M3aiHe. 
Mamepuaabi u memooovi. Knaccuyeckui moyxoq RBDO mo- 
%KeT OBITb BBITIOJIHeEH B JIBYX OTJ[CJIbHbIX MpOCTpaHcTBax: (u- 
3H4e€CKOM IIPOCTpaHcTBe MH HOPMHpOBaHHOM IIpOcTpaHcTBe. 
TlockosIbKy B BbIIIeCYNOMAHYTHIX JBYX IIpOCcTpaHcTBax Tpeby- 
eTCH OYUCHb MHOFO TMOBTOPHbIX UCCIeTOBAaHuM, pacuéTHOe 
BPeMA JIA TaKOM ONTHMU3AIIMH ABIIAeTCA OObIUON Mmpodse- 
MOH. IhdekTHBHbIM MeTO, Ha3biBaeMbid Optimum Safety 
Factor (OSF), pa3pa0oTaH uw ycrelIHO IIpwMeHseTCA K He- 
CKOJIBKHM HH?KCHEPHBIM MpvJIOxKeCHUAM. 

Pe3zyibmamol ucciedoeanua. UncneHHoe mpusioxKeHHe 110 
KPYNHOMAaCcIlTaOHOH 3ajjade pW yCTaNOCTHOU 3arpy3Ke oKa- 
3bIBaeT 9(PPeKTHBHOCTb pa3spaboTaHHoro MeToya RBDO ot- 
HOCHTeCIbHO JICeTePMHHUPOBaHHOM ONTHMU3alIMH WM3aiHa 
(DDO). Sddextusyoctb Metoya OSF tTakxKe paciipoctpaHs- 
eTCH Ha HE€CKOJIBKO pe2xKHMOB OTKa30yYCTOMYMBOCTH JIA 
ylipaBJIeHHaA HeCKOJIBKMMUM BbIXOHbIMU TapaMeTpaMu, Taku- 
MH Kak CTPyKTYpHbIH OObeM HU aTpHOyT NOBpexAeHHA. 
O@cyacdenue u 3aKiro4enusA. YIIpOWeHHad CTpaTerua BHe/I- 
peHua cTtpyktypbi OSF cocTonT 43 eMHCTBeEHHOM 3ajja4n 10 
ONTHMU3AaIlHMH OLWeCHKH MpOeKTHOM TOYUKH HU IIpAMOM OLLeCHKU 
ONTHMAaJIBHOTO pellieHua C y4ueTOM cocTaBoB OSF. On mpeyo- 
CTaBJIAeT pa3spadoT4uHKamM 9dMeKTHBHbIe pellleHuA, KOTOPhIe 
JOJDKHbI ObITb 9KOHOMHYHBIMH, YAOBJICTBOPAIOINMMU Tpedye- 
MOMY YPOBHIO HajlexKHOCTH C COKpall[eHHbIM PaC4eTHBIM Bpe- 
MeHEeM. 


KuroueBbie CI0OBa: ONTHMM3allMa Ha OCHOBe HajlexKHOCTH, 
CTPpyYKTypHad HaexKHOCTh, (akKTOpbI Oe30MacHOCTH 
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1. Introduction 

When Deterministic Design Optimization (DDO) methods are used, deterministic optimum designs are usually 
pushed to the design constraint boundary, leaving little or no room for tolerances (or uncertainties) in design, manufac- 
ture, and operating processes. So, deterministic optimum designs obtained without consideration of uncertainties may 
lead to unreliable designs, therefore calling for Reliability-Based Design Optimization (RBDO). An RBDO solution 
that reduces the structural weight in uncritical regions does not only provide an improved design but also a higher level 
of confidence in the design. The basic idea is to couple the reliability analysis with optimization problems. This cou- 
pling is a complex task, drawing on a high computing time and convergence stability, which seriously limits its applica- 
bility in real problems. To overcome these difficulties, several methods have been elaborated [1]. These methods can be 
classified into two categories: numerical and semi-numerical methods. An efficient numerical method called Hybrid 
Method is based on simultaneous solution to the reliability and the optimization problem. It has successfully reduced 
the computational time problem. The advantage of the hybrid method allows us to satisfy a required reliability level for 
different cases (static, dynamic, ...), but the vector of variables here contains both deterministic and random variables. 
To overcome both difficulties, an efficient semi-numerical method called Optimum Safety Factor (OSF) method has 
been proposed to solve problems in statics [2], and also an efficient alternative semi-numerical method called Safest 
Point Method (SP) has been proposed to solve problem in dynamics [3]. Recently, a Robust Hybrid Method (RHM) is 
also developed to overcome the HM difficulties in order to solve multiaxial fatigue damage analysis problems [4]. The 
RHM leads to robust solution comparing with the HM, but the computing time is still a big drawback. 


2. Reliability-Based Design Optimization 

2.1 Developments 

The computational cost of sequential RBDO approaches is much higher than the DDO procedure. Several devel- 
opments accelerated the use of the RBDO model. The Reliability Index Approach (RIA) and the Performance Measure 
Approach (PMA) have been proposed [5]. Next, the sequential optimization and reliability assessment (SORA) is de- 
veloped to improve the efficiency of probabilistic optimization [6]. The SORA method employs a single-loop strategy 
with a serial of cycles of deterministic optimization and reliability assessment. The major difficulty lies in the evalua- 
tion of the probabilistic constraints, which is prohibitively expensive and even diverges for many applications. It is clear 
that efforts were directed towards the development of efficient techniques to perform the reliability analysis. Here, the 
reliability index is computed iteratively that leads to an enormous amount of computer time in the whole design process. 


2.2 Basic RBDO formulations 


Traditionally, for the reliability-based design optimization procedure, two spaces are used: the physical space 
and the normalized space [7,8]. Therefore, the reliability-based design optimization is performed by nesting the follow- 
ing two problems: 


1. Optimization problem: 


min f (x) 


>< 


subject to g,(x)<0 , kK=1...,K (1) 
and B(x,u) =, 


where f(x) is the objective function, g;(x) <0 are the associated constraints, B(x,u) is the reliability index of the struc- 
ture, and /, is the target reliability. 


2. Reliability analysis: the reliability index B(x,u) is the minimum distance between the limit state function H(u) and the 
origin, see Figure 1b. This index is determined by solving the minimization problem: 


min d (u) 
— (2) 
subjectto H(u)=0 
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where d(u) is the distance in the normalized random space, given by d = Su, , and H(u) is the performance function 


(or limit state function) in the normalized space, defined such that H(u) <0 implies failure, see Figure 1b. In the physi- 
cal space, the image of H(u) 1s the limit state function G(x,y), see Figure la. Using the classical approach, the RBDO 
process is carried out in two spaces. That leads to a high computational time problem. Therefore, there is a strong need 
to develop efficient methods [9]. 


Normalized Space 
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Fig. 1. Physical and normalized spaces 


In the field of reliability-based design optimization, we distinguish between two types of variables: 


1. The optimization variables, which are deterministic variables to be adjusted with a view to optimizing the 
sizing; they represent the control parameters of the mechanical system (i.e. dimensions, materials, loads, etc.), 
and the probabilistic model (i.e. means and standard deviations of random variables); 

2. The random variables, which represent the uncertainties in the system. Each of these variables is identified 
by the type of distribution law and the associated parameters. These variables may be the geometric dimen- 
sions, the characteristics of the material or the external loads. 


3. Optimum Safety Factor (OSF) 


The Partial Safety Factors (PSF) presented in [10] use the calibration methods that need to propose some con- 
straints during the calibration process to increase the efficiency and the accuracy. The resulting solution when using 
PSF may not represent a global or even local optimum. It may satisfy the required reliability level because of the effi- 
ciency of the used optimization algorithm. An efficient OSF method essentially depends on the satisfaction of the opti- 
mality conditions of the reliability index problem (2). This method provides the designer at least with a local reliability- 
based optimum without additional computing cost. This method has been basically developed for a normal distribution 
case [11]. In this work, it is generalized to be applied to a single and multiple failure cases. 


3.1 Single Failure Mode (SFM) 
The SFM reliability problem can be written as: 


pew =min d(u,) =u; tu; +..+u, st: H(u,u,...,u,)<0 (3) 


where d(u,) is the minimum distance between the design point and the optimal solution. And H (u, ) <Q represent the 


failure mode. The corresponding analytical formulation using OSF can be written as follows: 








Uu. ES lysscg ht (4) 
where the sign of + depends on the sign of the derivative, 1.e., 
0 A ph 20a ei. a ee 
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Formulation (4) provides different optimum values of the normalized variables at the design point and taking into ac- 
count a single failure mode. In [2], a similar formulation can be found for several distributions. 


3.2 Multiple Failure Mode (MFM) 


Using the same OSF developments for a single failure mode [2], the MFM problem can be written as: 


pe” = min d(u,)=.u; tus +...tue st: 1, (Uj sUy5--5Uy, ) SO (5) 


H, (u, ) <0 represent the different failure modes. The corresponding analytical formulation using OSF can be written 


as follows: 





(6) 








Formulation (6) provides different optimum values of the normalized variables at the design point and taking into ac- 
count several failure modes. 


3.3 OSF algorithm 


The Optimum Safety Factor (OSF) algorithm can be easily implemented in three principal steps (Fig. 2). The 
first step is to determine the design point considering the most active constraint as a limit state function G(y). The opti- 
mization problem is to minimize the objective function subject to the limit state and the deterministic constraints. The 
resulting solution is termed the design point. The second step is to compute the safety factors using the equations (4) 
and (6). The third step is to calculate the optimal solution including the values of the safety factors in the computation 
of the values of the design variables and then determine the optimum design of the structure. 
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Fig. 2. OSF algorithm 


4. Numerical Application 


The objective of this application is to show the advantage of the RBDO by OSF relative to the DDO when deal- 
ing with SFM and MFM. The corresponding material properties are: Young’s modulus FE = 206.8GPa, Poisson’s ratio 
v = 0.29 and density p = 7820 kg/m*. The endurance limits for the reversed tension stress and torsion stress f-1 and t-1 
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stated after 2.106 cycles are equal to 252MPa and 182MPa, respectively. For more details about the fatigue data and 
methods of this example, the interested reader can refer to [12]. The length and the height of the studied plate are: 
L=0.14 m and H=0.1 m, respectively (Fig. 3a). In finite element analysis, the plate is supposed simply fixed on its four 
edges and is modelled by 32 eight-node square elements which produce no out-of-plane stress (Fig. 3b). Here, the 
thickness of each element 7. is considered as a random variable and its mean as a deterministic variable that leads to 32 


i 
5 5.5 6 6.5 re £5 5 6.5 


x 10° 


deterministic variables and 32 random variables. 








a b 
Fig. 3: 
a - Dimensions of the perforated plate and 
b - Thickness distribution for resulting optimum design 


The objective of the DDO procedure is to minimize the volume subject to the fatigue damage constraints. Here, we 
consider a global safety factor S,,=1.25 applied to the damage D,,,,and based on the engineering experience. The 
RBDO procedure cannot control not only the reliability level but several output parameters. In [2], the reliability level 
has been controlled considering a target reliability level, however, here we seek to control the other output parameters 
such as the structural volume and the damage criterion. 

The DDO and RBDO results in table (1) show that the DDO cannot provide the designer with a required reliabil- 
ity level while RBDO by OSF allow controlling the safety levels. According to the problems 3 and 5, the value of the 
global safety factor 1s applied to the upper damage limit D, =1 to be S, =1.25. This way the allowable damage will 


be: D, =0.8. The standard deviations are considered as proportional of the mean values: o, = 0.5m, , i=J,...,32. After 


having optimized the structure, the resulting DDO volume (Table 1) was found to be Vppo=105.64cm’. The correspond- 


ing reliability index was found to be: B,,, =2.73. This resulting value does not belong to the standard structural engi- 
neering norm ,,,, = 2.73 ¢[3—4.25]. However, for the same optimum volume, the RBDO for multiple failure modes 
(using 5 and 6) provides the designer with a more reliable optimum structure with 6B... =3.64. Figures 4a and b show 


the interval of the damage distribution of all structure thickness for DDO and RBDO in the same volume Vppg = Vrgpo’- 
The resulting damage distribution interval of RBDO by OSF [0.52,0.8] is better than the resulting one by DDO 
[0.4,0.8]. While Figures 4b and c show the interval of the damage distribution of all structure thickness for DDO and 
RBDO for the same maximum damage values Dppg=Drgpo =0.8. The RBDO by OSF provides the designer with an 


optimum structure with an increase 7% but more reliable by 45% relative to the resulting structure by DDO (6 ange = 


3.78>Bppno =2.73). Here, the resulting damage distribution interval of RBDO by OSF [0.56,0.84] is also better than the 


resulting one by DDO [0.4,0.8]. Thus, when obtaining a better damage distribution interval, the volume is reduced in 


the non-critical structural regions that leads to economic and reliable designs. 
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Table 1 
DDO and RBDO results for BY” 


p ; Design Optimum Solutions 
arameters 
Volume 81.9770 105.53 105.64 112.70 


a 





The structural reliability level is improved because the OSF-based solution essentially depends on the sensitivity 
study which determines the role of each parameter relative to the failure probability. For the computing time, the DDO 
procedure needs to solve two sequential optimization problems (1) and (2) while the RBDO by OSF can realize the op- 


eration in only one single optimization problem. 
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c) Optimum Solution by RBDO”, Dmax=0.8, Volume=1 12, 8 =3.78, D € [0.53,0.8] 


Figure 4. Resulting damage distribution intervals by DDO and RBDO procedures 


Table 2 presents the different OSF results considering the linear and nonlinear distributions (normal, lognormal, 
uniform, Weilbull and Gumbel distributions), see [2], satisfying a required reliability level 8 =3 . The required reliabil- 


ity level can be considered as a given data and the algorithm converges to the optimum design that verifies the require- 
ments (controllable designs: reliability, volume, damage ...). For the computing time consumption, for a single failure 
mode, when using DDO procedure, two optimization processes are used (the first is to find the optimum solution and 
the second is to find the design point). The problem becomes much more complex for multiple failure modes where 
each failure mode needs a separate optimization process to find the corresponding design point. However, the RBDO by 
OSF needs only a single optimization process to find the design point and next the optimum solution 1s analytically 
computed using OSF-SFM or OSF-MFM formulations. The RBDO by OSF is then carried out without additional com- 
puting time because it has a single variable vector that defines the design point. 


Table 2 
Linear and nonlinear RBDO result for required reliability index B =3 
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The OSF method is shown as a distinctive tool for RBDO problems. It shows the following advantages: 





e The obtained reliability-based optimum solutions should be more reliable than those obtained by DDO proce- 
dure for the same optimum volumes, 

e The OSF procedure needs only a single optimization process for the design point without additional computing 
time because it has a single variable vector that defines the design point while the DDO procedure needs two 
optimization processes. 

e Since the major difficulty lies in the evaluation of the probabilistic constraints, which is prohibitively expen- 
sive and even diverges for many applications, the OSF procedure provides the designer with an analytical 
evaluation with small computing time relative to DDO and other RBDO procedures. 

e §=All reliability index evaluations for RBDO-MFM studies can be analytically carried out for different probabil- 
istic distributions. There is no need to optimization processes. 


7. Conclusions 


The RBDO using OSF has several advantages: small number of optimization variables, good convergence stabil- 
ity, small computing time, satisfaction of the required reliability levels and global optima and more economic solution 
for the same reliability index relative to the DDO process. The OSF-MFM formulation can be applied easily to different 
distribution laws. In fatigue analysis, the use of the classical method leads to an extremely high computing time and also 
local optima. 
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